In this paper, the dynamic stability of rotating cylindrical shells under static and periodic axial forces is investigated using a combination of the Ritz method and Bolotin's first approximation. The kernel particle estimate is employed in hybridized form with harmonic functions, to approximate the 2-D transverse displacement field. A system of Mathieu-Hill equations is obtained through the application of the Ritz energy minimization procedure. The principal instability regions are then obtained via Bolotin's first approximation. In this formulation, both the hoop tension and Coriolis effects due to the rotation are accounted for. Various boundary conditions are considered, and the present results represent the first instance in which, the effects of boundary conditions for this class of problems, have been reported in open literature. Effects of rotational speeds on the instability regions for different modes are also examined in detail.
Introduction
The dynamics of rotating cylindrical shells have received much attention over the years, especially into the investigations of the frequency bifurcation phenomenon. Bryan (1890) first examined this problem more than a century ago. Significant works that followed include those of Di-Taranto and Lessen (1964) and Srinivasan and Lauterbach (1971) , where the phenomenon of traveling waves and effects of Coriolis forces were first discovered and elucidated in rotating shells. Since then, free vibrations of rotating cylindrical rings or shells have been studied. Mizoguchi (1964) investigated the critical speeds of rotating cylindrical shells by treating the shells as beams. Employing Donnell's thin shell theory, Ng and Lam (1999) investigated the vibration and critical speed of axially loaded rotating cylindrical shells. More recently, Liew et al. (2002a,b) developed meshless techniques for the free vibration analysis of rotating shell structures. Ng et al. (1998) first examined the parametric resonance phenomena in simply-supported cylindrical shells.
The dynamic stability of elastic systems under periodic loads has been studied for a long time due to its importance in many engineering applications. Early works in this area are attributed to Bolotin (1964) , who determined the dynamic instability regions for some structural components, such as beams, frames, plates, shells, etc. Bert and Birman (1987) investigated the dynamic stability of shear deformable anti symmetric angle-ply plates, and the parametric instability of the laminated composite plates with transverse shear deformation was carried out by Moorthy and Reddy (1990) . In the dynamic stability analyses if cylindrical shells, most published works have been restricted to non-rotating or stationary shells. Yao (1965) and Vijayaraghavan and Evan-Iwanowski (1967) studied the dynamic stability of circular cylindrical shells under various static and periodic loads. The effects of longitudinal resonance on the dynamic stability of simply-supported cylindrical shells were examined by Koval (1974) , while Bert and Birman (1988) examined the parametric instability of thick orthotropic shells using a higher-order shell theory.
This paper presents a first-known study on the dynamic stability of rotating cylindrical shells under combined static and periodic axial loads, for different boundary conditions. To realize this, an energy formulation is first described, and a system of Mathieu-Hill equations is obtained via the Ritz procedure, which utilizes kernel particle estimates in hybridized form with harmonic functions. The parametric resonance responses are then analyzed based on Bolotin's first approximation. In the present formulation, the hoop tension and Coriolis forces are both taken into account. The effects of boundary conditions on the instability regions constitute the major investigation in this work. Further, the characteristics of the instability regions of non-rotating shells and shells with different rotating speeds, for different modes, are compared.
Theoretical formulation

Energy formulation for rotating cylindrical shells
The circular cylindrical shell shown in Fig. 1 is considered to be thin, with length L, radius R, and thickness h, and rotating about the x-axis at a constant angular velocity X. A coordinate system (x, h, z) is fixed on the mid-surface of the shell. The displacements of the shell in the x, h and z directions are denoted by u, v and w, respectively. The pulsating axial load is given by
where P is the frequency of excitation in radians per unit time. The work done U a due to the axial loading can be written as
where the subscript after the comma indicates partial differentiation with respect to the subscript variable. The terms in the above work done expression originate from the second-order terms of the nonlinear Green's strain tensor
The kinetic energy expression can be described as
where the first three terms are due to contribution of the linear velocities in the x, h and z directions, respectively. The fourth and fifth terms are the contributions due to the Coriolis and centrifugal effects, respectively. The initial hoop tension due to the centrifugal force is defined as
and the strain energy due to this hoop tension can be written as
The strain energy of the shell is expressed as
where e T and [S] are the strain vector and stiffness matrix, respectively, and
The middle surface strains e 1 , e 2 and c and the middle surface curvatures j 1 , j 2 and s are defined according to Love's thin shell theory as follows:
where in an isotropic case, [S] is given by 
The extensional stiffnesses (A ij ) and bending stiffnesses (D ij ) are defined as 
with
Here E is the elastic modulus, G the shear modulus, and m the Poisson's ratio. The total potential energy functional of the rotating shell is thus
2.2. Hybrid harmonic-kernel particle 2-D displacement field
The approximation of the displacement functions describing the 2-D surface of the rotating cylindrical shell are hybridized such that harmonic shape functions are used in the circumferential direction, while kernel particle shape functions are used in the circumferential direction. They are expressed in the following form uðx; hÞ ¼ X NP
I¼1
w I ðxÞu I ½g 1 ðtÞ cosðnhÞ À g 2 ðtÞ sinðnhÞ vðx; hÞ ¼ X NP
w I ðxÞv I ½g 1 ðtÞ sinðnhÞ þ g 2 ðtÞ cosðnhÞ wðx; hÞ ¼ X NP
w I ðxÞw I ½g 1 ðtÞ cosðnhÞ À g 2 ðtÞ sinðnhÞ ð15Þ
where NP is the total number of particles, w I (x) are the shape functions, u I , v I and w I are unknown nodal values of u, v and w at a sampling point I, and n is the circumferential half wave number. g 1 (t) and g 2 (t) are two undetermined generalized coordinates. The shape function w I (x) is given by
where C(x; x À x I ) is the correction function, and / a (x À x I ) the kernel function which can be expressed as
where / xÀx I a À Á is termed the weight function. The correction function C(x; x À x I ) is described as
where 
and H is a vector of quadratic basis, while b i (x)'s are functions of x which are to be determined. By imposing the reproducing conditions, the b i (x)'s can be solved, see Chen et al. (1997) . Thus, the shape function can be written as
Eq. (21) can be rewritten as
in which
and the moment matrix M is a function of x and H(0) is a constant vector. The explicit expressions for M and H(0) are given by
Therefore, the shape function can be expressed as
For the thin shell problem, the first and second derivatives of the shape function need to be determined. Eq. (24) can be rewritten as
The vector b(x) can be determined using the LU decomposition of the matrix M(x) followed by backward substitution. 
while the corresponding second derivative can be calculated by taking derivative of Eq. (31)
In this work, the cubic spline function is chosen as the weight function
where the (dilatation) parameter a I denotes the size of the support. At a node, the size of the domain of influence is calculated by
in which a max is a scaling factor ranging from 2 to 4. This is because for a one-dimensional problem, each node should have at least two neighbors in its domain of influence. The distance d I is determined by searching for sufficient number of nodes so as to avoid singularity of the M matrix. In order to compute the derivatives of the shape function, it is necessary to determine the derivatives of the weight function. The first and second derivatives of the weight function, which are continuous over the entire domain, can be easily obtained using the chain rule
6 jz I j 6 1 0 otherwise
Enforcement of boundary conditions -a penalty approach
To deal with different boundary conditions, the present work incorporates the penalty method, see Reddy (1986 Reddy ( , 1993 , to enforce the essential boundary conditions. The penalty formulation is developed as follows:
Simply-supported boundary conditions
For the domain bounded by l u , the displacement boundary condition is
in which u is the prescribed displacement on the displacement boundary l u . Condition (37) is treated as constraint and it is introduced into the formulation using the penalty method. The variational form of the penalty functional is given by
where a is the penalty parameter, which taken as 10 3 E, with E being the elastic modulus of the shell. For a cylindrical shell with a simply-supported edge, the essential geometrical boundary at that edge conditions can be explicitly written as
Clamped boundary conditions
In the clamped case, for the domain bounded by l u , besides the boundary condition described by Eq. (37), the rotation boundary condition is also included
and b is the prescribed rotation on the boundary. The variational form due to the rotational constraint (39) is given by
In general, although the penalty parameter for each constraint can be distinct, the same penalty parameter is used here for both boundary constraints described.
For a cylindrical shell with a clamped edge, the essential geometrical boundary conditions at that edge can be explicitly written as
Instability regions via Ritz minimization and Bolotin's first approximation
The variational form due to the boundary conditions can be expressed as P B ¼ P u þ P b and the total energy functional for this problem becomes
Substituting the displacement functions of Eq. (15) into the total energy functional of Eq. (43), and applying the Rayleigh-Ritz minimization procedure, which is equivalent to applying the Hamilton's principle
a system of Mathieu-Hill equations are obtained as
The matrices M, G, K and Q are given by
where the generalized coordinates, € g, _ g and g, are expressed as
and 
Eq. (45) is in the form of a second-order differential equation with periodic coefficients of the Mathieu-Hill type. The regions of instability are separated by the periodic solutions having periods T and 2T with T = 2p/P. The solutions with period 2T are of greater practical importance as the widths of these unstable regions are usually larger than those associated with solutions having period of T. Using Bolotin's approach, as a first approximation, the periodic solutions with period 2T can be sought in the form
where f and g are arbitrary vectors. Substituting Eq. (62) terms, a set of linear homogeneous algebraic equations in terms of f and g can be obtained. The condition of non-trivial solutions are given by
The generalized eigenvalues P of the above generalized eigenvalue problem define the boundaries between the stable and unstable regions.
Numerical results and discussion
To evaluate the stability of the present formulation, convergence studies are performed for two different boundary cases. For periodic compressive loads, it is obvious that the compressive axial loads cannot exceed the critical buckling load of the cylindrical shell. For isotropic cylindrical shells of intermediate length, the buckling load is given in Timoshenko and Gere (1961) as
where E is the elastic modulus and m is the Poisson's ratio of the isotropic cylindrical shell. The geometrical properties of the cylindrical shells used in the present study are L/R = 2 and R/h = 100 and the Poisson's ratio is taken as m = 0.3. The non-dimensional excitation frequency parameter p is defined as Table 1 shows the convergence characteristics of the frequency results for simply-supported rotating cylindrical shells under axial loading of N o = 0.4N cr and rotating speed X = 10 rev/s. The number of nodes used is increased from 20 to 70, and the scaling factor a max varies from 2.5 to 3.5. It is observed that converged results can be achieved by using a relatively higher scaling factor of a max = 3.0-3.5. The convergence test is also performed for a clamped rotating cylindrical shell, and results are tabulated in Table 2 . The number of nodes is increased from 20 to 100, and the scaling factor ranges from 2.5 to 3.5. It is noted that the scaling factor does not significantly affect the convergence rate for mode (1, 1). However, for modes (1, 2), (1, 3) and (1, 4), converged results can be achieved faster using a larger scaling factors of 3.0 or 3.5. For a vibration mode (m, n), m refers to the longitudinal half wave number while n represents the circumferential wave number. 4) ], where the trend becomes ''opposite'' or oscillatory with further increase from 80 nodes. The convergence characteristics up to 80 nodes are generally observed to be well behaved and monotonic. Effectively, these results can be considered converged when 80 nodes are used. The very minute oscillatory behavior, which incurs extremely small percentage changes, when more than 80 nodes are used, can be attributed to ''post-convergence'' numerical instabilities, which is often observed when too many terms are used in an energy minimization procedure. From these two tables, it can be concluded that converged results can be achieved with less number of nodes combined with relatively larger scaling factors. In the present study, the instability regions of rotating cylindrical shells for five different boundary conditions are investigated, namely, simply-supported (at both ends), clamped (at both ends), free (at both ends), simply-supported-free, and clamped-free. For each boundary condition, the instability regions of four modes, (1, 1), (1, 2), (1, 3) and (1, 4), are plotted. Fig. 2.1 illustrates the instability regions of a simply-supported cylindrical shell under axial forces with different rotating speeds, X = 0, 1, 5 (rev/s), for mode (1, 1). It is observed that the instability regions gradually become wider as the rotating speed increases. However, the slopes of the region boundaries increase with increasing rotating speeds. It is also apparent that for each instability region, the increase in size is due to the region boundaries shifting away from each other as rotating speed increases. This onset of bifurcation in the boundaries is due to the Coriolis effects, and is consistent with observations made in Ng (2003) , and comparisons with numerical data also show excellent agreement, see Table 3 . In this table, H represents the angle defining the slope of the boundary of the instability region. Similar trend of this bifurcation effect are observed in Figs. 2.2, 2.3 and 2.4 for modes (1, 2), (1, 3) and (1, 4), respectively. In addition, for mode (1, 4), apart from the bifurcation in the boundaries, it is also observed that the entire instability region shifts to significantly higher frequency values as the rotating speed increases. Further, it is clear that the boundaries of the instability regions are straight lines for non-rotating shells, and the profiles of these boundaries very gradually become ''outward curving'' when rotating speed is introduced, and becoming visually apparent when the rotating speeds are high.
Figs. 3-6 respectively depict the corresponding instability regions for axially loaded rotating cylindrical shells with boundary conditions: simply-supported-free, clamped (at both ends), clamped-free, and free (at both ends). For these four additional boundary condition cases, similar characteristics of the instability regions as those in Fig. 2 for the fully simply-supported case, are observed. Comparing each particular mode in all the five cases, it is observed that the degree of shift in the instability regions to higher frequency values, due to increasing rotating speeds, increases invariably in accordance to the boundary conditions sequence: simply-supported (at both ends), simply-supported-free, clamped (at both ends), clamped-free, and free (at both ends). This is so for all respective modes.
The effects of hoop tension and Coriolis force are examined in Fig. 7 for a simply-supported rotating shell with rotating speed being 1 rev/s. The fundamental and second unstable regions, which correspond to modes (m, n) = (1, 5) and (m, n) = (1, 6), are plotted. The presence of hoop tension increases the shell stiffness causes Table 3 Comparison of results for the unstable regions associated with the transverse modes of a simply-supported isotropic rotating cylindrical shell of m = 0.3, geometric properties L/R = 2, R/h = 100, and subjected to extensional loading of N o = 0.1N cr the instability regions to shift very slightly to the right. Furthermore, it is obvious that the bifurcations of the point of origin of the instability regions are due solely to the Coriolis forces. It can therefore be safely concluded that the omission of these effects inevitably leads to distinct and erroneous results, both quantitatively and qualitatively. Fig. 8 shows the fundamental and second unstable regions for shells with differently boundary conditions, namely: simply-supported at both ends (S-S), clamped at both ends (C-C), clamped-free (C-F) and completely free edges (F-F). It is observed that the fundamental instability region occurs at mode (m, n) = (1, 5) for shells with S-S boundary condition, while fundamental unstable regions correspond to the mode (m, n) = (1, 6) for shells with the other three boundary conditions. For the instability region associated with the second mode, (m, n) = (1, 5) for C-C and C-F shells, (m, n) = (1, 6) for S-S shells, and (m, n) = (1, 7) for F-F shells. 
Conclusions
The dynamic stability of rotating cylindrical shells with different boundary conditions under combined static and periodic axial forces has been investigated using the Ritz energy minimization and Bolotin's first approximation. The mesh-free kernel particle estimate is employed in hybridized form with harmonic functions, to approximate the 2-D transverse displacement field. In this formulation, both the hoop tension and Coriolis effects due to the rotation have been taken into consideration. Present numerical results represent the first to appear in the literature for the various boundary conditions considered, and will serve as useful benchmarks. Effects of boundary conditions on the positions of these instability regions have also been discussed in detail. Further, it was found that the sizes of the instability regions widen as rotating speeds increase, and this is a direct result of the boundaries of these regions bifurcating or mutually shifting away from each other, due to the Coriolis effects.
